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ABSTRACT

The interaction between surface waves and a finite rectangular floating plate in a channel is considered analytically, while the location of the
plate is not restricted. The mathematical model is based on the linear velocity potential flow theory for the fluid and the Kirchhoff-Love plate
theory for the plate. The problem is converted into an integral equation through using the Green function. The second-order singularity asso-
ciated with a body with no thickness is treated with the Dirac delta function. The developed scheme is used for case studies of various edge
constraints. Extensive results are provided for the hydrodynamic forces acting on the plate and the wave reflection and transmission coeffi-
cients. The effects of wave frequency, channel width, plate length, and edge conditions are analyzed, and their physical implications are
highlighted. Significant findings comprise the highly oscillatory nature of force curves, influenced by the natural frequencies of the channels
and the length of the plate, and substantial effects of edge conditions and the plate position on the results.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://

creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0185714

I. INTRODUCTION

The propagation of water waves and their interaction with struc-
tures in channels or long tanks play a crucial role in hydrodynamics.
These issues have wide-ranging implications, such as in ship naviga-
tion safety, carbon emissions and associated costs, breakwater design,
and the generation of renewable energy. In addition, in the field of
marine engineering, model tests are commonly conducted in towing
and wave tanks, and the effects of tank walls are quite often not insig-
nificant. Unlike problems of a prototype in open water, the presence of
transverse mode flow across the tank and its resonant motion may sig-
nificantly affect the hydrodynamic performance of a model in the
tank, particularly when the motion frequency is near one of the natural
frequencies of the tank. It is, therefore, important to understand the
nature of the side wall effect when the measured results for the model
are converted to those for the prototype in the open sea.

Extensive research has been carried out on free surface wave
interaction with structures in a channel. Eatock Taylor and Hung' and
Yeung and Sphaier” adopted the method of images to study wave radi-
ation and diffraction by a vertical cylinder along the centerline of a
channel. Linton and Evans’ investigated a similar problem by con-
structing channel multipoles, while McIver and Bennett* considered
off-center scenarios. Wave diffraction by an array of vertical cylinders
in a channel was further investigated by Linton and Mclver.” Trapped

modes may occur for surface wave interaction with rigid bodies in a
channel, as demonstrated in Refs. 6-11. For submerged spheres,
Wu'*" and Ursell*'° carried out a series of studies on its interaction
with surface waves in a channel using multipole expansion approaches.
In addition, the interaction between an oscillating wave energy con-
verter (OWEC) and water waves in a channel was studied by Renzi
and Dias,'” and the motion responses of the device near the natural
frequencies of the channel were investigated through parametric
studies.

The above-mentioned works are all about the interaction of sur-
face waves with rigid bodies. When an elastic cover is placed on the
water surface in a channel, the motion of the surface waves and the
vibration of the elastic cover are coupled. The propagation of flexural
gravity or hydro-elastic waves in a channel is very different from sur-
face waves, as discussed by Korobkin et al. '% and Ren et al."” An effi-
cient analytical scheme has been developed by Ren et al'” to
investigate the traveling modes of hydro-elastic waves corresponding
to various edge conditions along the channel walls and has been
extended to study the effect of a longitudinal line crack on the cover.
Based on the expansions in Ren et al,,'” the Green function satisfying
all boundary conditions apart from the body surface has been derived.
Solution procedures were further developed for the interaction
between a uniform current and a horizontal cylinder below the elastic
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plate cover”’ and the interaction of the hydro-elastic waves with a ver-
tical cylinder.”' In addition, experimental research on the interaction
of surface waves with floating and submerged finite rectangular plates
can be found in the works of Dolatshah et al.** and Want et al.”*

The objective of this study is to investigate the interaction
between surface waves and non-rigid bodies in restricted waters, such
as channels. Our focus is on a finite elastic floating plate. We have
developed an analytical solution scheme based on the Green function
technique. The method provides flexibility for different edge con-
straints and gives insight into the nature of the hydrodynamic forces as
well as flow features within the channel. In addition, the energy iden-
tity is also re-derived for an elastic body. It is also worth mentioning
that Porter”* considered a similar problem of a rectangular floating ice
sheet in an unbounded ocean, focusing solely on the free edge con-
straint. The deflection of the plate was expanded based on the free
vibration modes with the unknown coefficients. Each free vibration
mode is further expanded based on the product of two eigenmode
series, corresponding to the expansion of one-dimensional Euler-
Bernoulli beam functions in each direction. The eigenvalue and eigen-
vector of the free vibration mode are obtained through a variation
statement that enforces satisfaction of the free vibration equation and
the free edge condition. The unknown coefficients are obtained
through the integral equation with the Rayleigh-Ritz method. In the
present work, we also employ a boundary integral equation technique.
However, in addition to the side wall effect of the channel, we adopt a
different procedure for the deflection. Using the dynamic equation of
the elastic plate, the integral equation will become one with dipole dis-
tribution over the plate, whose strength can be written in terms of the
deflection of the plate and its spatial derivatives. Through the kine-
matic condition of fluid flow on the plate surface, a governing equation
for the plate deflection can be obtained. In contrast to Porter,” we
expand the plate deflection into a double cosine series, together with
four additional terms of simple polynomial functions in each direction
for edge conditions. The rationale behind this has been explained by
Ren et al.'””” In addition to the fact that this kind of shape function is
much simpler, this avoids the step of solving the free vibration modes.
The deflection can be obtained directly from the solution of the inte-
gral equation. This approach also offers much more flexibility. For dif-
ferent edge conditions, the coefficients of the four additional terms in
the expansion can be adjusted to meet these conditions. This method
can, therefore, be easily used for any given edge conditions. It is worth
mentioning that special attention should be given to the term of
second-order singularity in the integral, as discussed by Martin and
Farina”® for a thin rigid disc submerged under a free surface undergo-
ing heave motion. In the present work, since we adopt a double series
form for the Green function of the free surface channel, the effect of
the singularity can be reflected through the non-convergence of the
series. To treat that, we adopt a direct approach, through using the
Dirac delta function. The developed boundary integral scheme allows
us to consider a horizontal thin plate with an arbitrary finite length,
width, and position within the channel. Specifically, to verify the solu-
tion procedure, an alternative scheme based on series expansion has
been developed for the case of a floating plate of the same width as the
channel.

The outlines of this paper are as follows: the mathematical model-
ing and solution procedure are introduced in Sec. II. Extensive results
and analysis are then provided in Sec. I1I for wave loads, reflection and
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transmission coefficients, and the deflection of the plate in scenarios
involving a floating plate on or off the centerline. Finally, conclusions
are drawn in Sec. I'V.

Il. MATHEMATICAL MODELING AND SOLUTION
PROCEDURE

We consider the interaction between water waves and a floating
horizontal rectangular plate in a wave tank, which is treated as an infi-
nitely long channel of finite depth. The sketch of the problem is dis-
played in Fig. 1. A Cartesian coordinate system O-xyz is established
with the origin located on the centerline of the undisturbed free sur-
face. The x- and y-axes are along the longitudinal and transverse direc-
tions of the channel, respectively, while its z-axis is pointing upward.
Two sides of the plate are parallel to the walls of the channel, while any
other orientation can be easily treated through a coordinate transfor-
mation. The coordinates of the center of the plate are (x., y., 0), where
X, can be set as zero without loss of generality. The half-width of the
channel is denoted as b, while the half-length and half-width of the
plate are denoted as [ and by, respectively.

A. Governing equations and boundary conditions

The velocity potential theory and the Kirchhoff-Love plate theory
are used for the fluid flow and the elastic plate vibration, respectively.
For the former, it assumes that the fluid is incompressible and inviscid,
and its motion is irrotational. When the incoming wave of amplitude
Ay is sinusoidal in time with frequency w, the velocity potential and
the deflection of the plate may be, respectively, written as ®(x, y, z, t)

= RC{A()Q.’)(X,}/, Z) eiwt} and W(x7y7 t) = RC{AOW(XJ’) eiwt}. The
problem can then be solved in the frequency domain.

The complex velocity potential ¢(x,y,z) satisfies the Laplace
equation throughout the fluid domain, or

> P P
W+8—)ﬂ+¥70' (1)

The complex deflection w(x, y) of the horizontal elastic plate at z = 0
is governed by the following equation:

LV*w — w*p hw = p, (2)

FIG. 1. The sketch of the problem.
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where L = Eh?/[12(1 — 1?)] is the flexural rigidity, with k, p,, and v
being the thickness, density, and Poisson’s ratio of the plate, respec-
tively. p,h refers to the mass per unit area of the plate. p is the differ-
ence between the hydrodynamic pressure on the lower side of the plate
and atmospheric pressure, which can be written as

p=—pgw —ipwd| . 3)

At the interface of fluid and the plate, the linearized kinematic condi-
tion can be given as

¢

iow = —

ol (K<L -p <by). @

z—0
In addition, the linearized free surface boundary condition can be
given as

¢Z_V¢:O7

where 7 = w? /g and g is the acceleration due to gravity. The bottom
and channel walls are assumed to be rigid, and the impermeable
boundary condition gives

99
dy

(|x\ >lor|y—y| > by, z= O) , (5)

99

~ 0z =0 ©

z=—H

y==*b

In the far field at x = * o0, the radiation condition ensures that every
component of the diffracted potential, denoted as 1/, corresponds to an
outgoing wave. We have

iimcoshk (z0 + H) cos B, (yo + b) cosh k,,(z + H) cos B,,(y + b) Jr—

pubs.aip.org/aip/pof

0
lim (— 1'1[() Y — 0,
x—=o0 \Ox
where K refers to the wave number of the outgoing wave.

In addition, edge conditions are essential for plate problems.
Three common conditions for a curved edge shape can be written as”

w=0, w,=0, (7)
for the clamped edge,
»* 10
Viw=(1-v) {—2—5——,—}14/
8; R On ®)
2
[V wl= L?san ﬁ@s]

for the free edge, and

’ 10
_ 2., —
w=0, Vw—(l—u){w+§%]w, 9)
for the simply supported edge. Derivatives with respect to n and s refer
to variations along the normal and tangential directions of the edge,

respectively. Z is the radius of curvature.

B. Boundary integral method

The boundary integral method is adopted to solve the boundary
value problem mentioned above. The Green function for a free-surface
channel satisfying V?G = 270 (x — xo)é(y — yo)é(z —z)) can be
written as”®

G(%)’y Z;x07yOaZO

where f8, = nm/2b, 12, = k2, — f2, and k,, are solutions of the dis-
persion relation obtained by substituting (10) into (5) or

ktanh kH = y. (11)

It should be noted that the roots of (11) include a positive real one ko
and an infinite number of positive imaginary ones k,,, m = 1,2, ....
For k2 > f32, 7o, is a real number that should be taken as positive to
ensure that the wave is outgoing. In addition, to ensure that (10) is
finite, when 7,,, is complex, its imaginary part should be taken as
negative.

When the Green’s second identity is applied to the diffraction
velocity potential, or ¢, and the Green function G, we have

$p(%0,y0,20) = L <¢D 06 8;51)) ds, (12)

where § is the surface of the entire fluid domain, containing the bottom
Sp and side walls Sy, of the channel, the free surface Sy, the two far-
field boundaries S+, at x = *o0, respectively, and S, is the lower
surface of the plate. By applying boundary conditions on Sg, Sw, Sk,
and S+, (12) can be reduced to

Toun(1 +5no)b(

(10)

2k, H + sinh 2k,,H
4k,

i” (d)D@—G%)dS. (13)

$p (%0, Y0, 20) = by

Noting that ¢, = ¢ — ¢; where ¢ is the total potential, we have

oG 0
a4, (0o

1 ¢
+E“ ( a_r:_¢’a)ds (14)

The second integration on the right-hand side of (14) is zero if the free
surface boundary conditions of G and ¢; on z = 0 are used. Equation
(14) can then be written as

& (x0,)0,20) — @1 :iJ.J.S (¢g—5—Gg¢)dS. (15)

Substituting (2) and (4) into (15), we have

. 4, 2 oG
& (%0, 0, 20) (b,—znpwJLP (LVW wpehw) aZdS. (16)
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Differentiating (16) with respect to zy at zo — 0 and further using (4),

we have
i oG
L 4. 2 h
ZRpWJJsP ( Mk W) [82320] 2—0,2=0

17)

ds,

where (xo,yo) are on Sp. The deflection w can be further expanded
as™

o]

w= ‘ ZC,,- x cos aj(x + 1) cos iin(yl +by)

n=0 j=0

+Zc (1 +by) f(x)—i—Zcosocj(x—i-l)-gj(ﬂ),

n=l j=0
(18)

where y; = y — y, with y; = 0 being the longitudinal centerline of the
plate, o; = jm/21, f,, = nm/2b, and

2 3 4
fulx) =dV G) +d® G) +d® G) +d® G) . (19
L m o n G\ @\
g =¢ (bp>+c (bp) +¢ (bp> +¢ (bp)' (20)

o0 0
n=0 j=0 i=1

pubs.aip.org/aip/pof

In addition, (%)' and (%)i (i = 0-4) can be further expanded as

(?) - Z,u](i) cos aj(x +1), (21)
=0

(;)i) = Z yn’) cos an (}’1 - bp). (22)
P n=0

as in Ref. 25, where the expressions for u;i)

from (17), we have

can be found. Therefore,

>y

4 4
Cyj + Z d,(f),u;l) + Z C;I)HSZ):| X W (%0, yor)
=1

n=0 j=0 i=1
o¢ ¢
1 I 1 4 2
_ 199 LV — o?p,h
ol oz | | 09t o)
218,
0G
dy,dx 23
x {82820} 29020 P16 (23)

where /;, (x,y) = cos a;(x + I) cos B, (y+b), yo =y~ ye
Based on (18), the terms V4w and w in the integrand of (23) can
be further written as double cosine series as

4 i(i l)~2 . 2451‘4/1(0) ;
> Z( Bug'? + el LA LZMCS TR

(29)

4
Co+ D _ud) +Z#n } in (% 71): (25)

Here, it is important to note that in (23) derivatives are applied to x’' and ' first before they are expanded into the cosine series to ensure conver-
gence.19 Substituting (10), (24), and (25) into (23) and performing the integration with respect to (x, y; ), we obtain

00 0 2
Z Z an{l//jn(xo,ym) - {L(ajz + /}n> _ wzpeh} Inj}
+ Z Z C;i) Z {,Usl)lpjn(mem) - In] |:L (a;*’uilﬂ

2i(i— 1 , 248, 1" :
2 )ocjzﬂﬁ,’_z) + —;H” ) - a)zpehuf(f)} }
P P

oo 4 00 (s 5. (0)
; ) ) 2i(i—1) =2 (i-2) 240,41t () 1 0,
+ ZO Zl df") ZO {’uJ lpj”(x()’ym) - I”] |:L (ﬁn'u] - ﬁnuj + 14 ! - wzpeh:uj - E aZ() . ) (26)
n=0 i= J= Zp—
where
I , 4k3 sinhk Hsinh [ ZO 4 H [e's) ') {ei(w—rm/)lcos(rmnrxo + OCJZ) — COS OC]'(XO + l):| CoS [))rt’ 0/0 + b)
= 27
gl 201£n>0 —  pw?b(2k,H + sinh 2k, H) Z (146 ,0)((1 — 2 ) 27)
and
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b, ) ~ )
, i B[ sin (B (b + by + 32) — 2B,by] — sin By (b— by + 3.
IYL”) _ J cos ﬁn()’l +bp) cos ﬁn’()’+ b)d}/l _ [ ( P ) : ~5 ( P )}
~b, n ﬂn
2 sin [ (B — Bu) by cos [B(b+ ) — By
_ PRt . (28)
n Bn
When 8, — f,/, (28) becomes
") = (14 8,0)b, cos B, (e + b—by). (29)

Multiplying ;... (xo, yor ) on both sides of (26) and integrating with respect to xo and yoi, respectively, over [—1, I] and [~bp, by], using the orthog-
onality of cosine functions, we have

o0 00 _ 2 4 . .
Coj (14 070) L (1 + 8,008, — > > Cy {L(ijz + ﬁi) - wzpeh} X Tnj g+ O ) (1 8j00) L (1 + 8,0)b,
i=1

00 4 00 e S (0)
} :} : (i) Z g 2ii=1) 5 (i, 240up, 2 i
y { {L <O§1 i = %t '+ el pehtt) | X Ty

j=0 i=1 n=0

~ 00 N 0N o 2i-1) 2 oy 240uk” 2 0]y
3l (1 0p0) 1 (1 800)bp = Y 3 dl Y\ L\ By =B+ | = 0 pi” | X T

i=1 n=0 i=1 j=0
1 by 6¢
1 0¢;
= — dxod =012, 3,...
J J i 920 z(,—»ol//]n (%0, yor) dxodyor  (n*,j 0 1,2,3,.0), (30)
Z1-p,
where
Sy — — oy (1 Jrzéj*o)l y ilin n )I(n ) i iélkm sinh k,,H si'nh km(z0 + H) " K,
P pw?b (14 0wo) 2—04=  (2k,H + sinh 2k, H) (oc]? _ ,)
20k sinhkyHsinhkn(zo + H) @ It {14 (1P = (1) 4 (21 ez}
+ lim - Z (31)
a-04=" pw?b(2k,H + sinh2k,H) ~ 4= 1+ 5n,0)(a; 1 ) (aj% — 12 )
It is worth noting that
4k, sinh k,,,(z + H) sinh k,,,(z9 + H)
=0(z— 32
Z (2k,,H + sinh 2k,,H) (z = 20)- (32)
To obtain (32), we first expand &' (z — z) into the orthonormal series based on vertical modes cosh k,,(z + H), which can obtained as
>\ —4k?, sinh k,,(z9 + H) cosh k,, (z + H)
— . 33
(= 20) mz;) 2k, H + sinh 2k, H 33
We then integrate this with respect to z from —H to z, which gives (32). When z = 0 and zy — 0, it follows
>, —4k,, sinh k,, H)sinh k,,H
lim sinh k(2 + H) sin = lim (0 — z9) = 0.
204~ (2k,H + sinh 2k, H) 2—0
This can be removed from (31), which gives
Phys. Fluids 36, 017143 (2024); doi: 10.1063/5.0185714 36, 017143-5

© Author(s) 2024

1£:62:60 ¥20z Arenuga 0


pubs.aip.org/aip/phf

Physics of Fluids ARTICLE pubs.aip.org/aip/pof
A (R L 1) &k, sinh *k,, H y v+ o i 2ik?, sinh *k,, H
i pw?b 2= (1+ 0yo) 4= (2kpH + sinh 2k, H) (ajg _ 2 ) pw?b(2k,,H + sinh 2k, H)
0 Iin,n’)lfn*,n’)rmn,{l + (71)j+j* - [(71)J' + (71)1'*]67&1”/1}
x> . (34)
n'=0 (1 + 6n’0) (OCJZ - Tfnn/) (ajz* -7 ’)
[
The velocity potential of the incident wave of unit amplitude from From [& +(2-v)2y } =0
. ay; 0y10x%
Xp = —00 can be written as by
_ 8  coshko(zo+H) ik 4 605 _ 2404 i(x1)™]
P1(x0:20) = iw % cosh koH e ’ (35) Z R 2- V)O‘j X b C]() =0;
i—1 | p r
Then, the right-hand side of (30) becomes (i=0,1,2,..) (37d)

1 b

| |55

Z1-b,

Yo (%0, yor )dxodyor

20=2,

2ikod,0by [,eikol N e—ikol(il)j*]
B K-
—4iko0,0b kol
—ER00mo% S8R0 whenj is odd
kg — oz
,sin (36)
4kod,-oby sin kol N
2 a2 when j* is even.

3 2 d
kg — o

Apart from the equations above, conditions on the plate edge should
also be imposed. For the free edge (F-F-F-F), (8) can be written as

2
from [g;; + 1/(?—”!] =0:

Ci + ; (i(i; b u[%i) (%1)'d"

0
(n=0,1,2...). (37a)

22 i(F)"
(2 - u)[fn X f:|

4 1605 _ 2404
Z [ER

(n=0,1,2,....) (37b)

Equations (30) and (37) form a linear system of equations for the
unknowns Cjs cj' , and dsli). For practical computation, the infinite
series needs to be truncated at a finite value, e.g., at n =N — 1 and
j =7 — 1. This gives

A-x =B, (38)

where x is a column vector containing NJ 4+ 4(N + J) unknowns, A is
a square matrix of size NJ + 4(N + J), and B is the known column
vector of the same size as x, depending on the incident wave.

The reflection and transmission coefficients relationship may be
used to verify the present procedure. It can be done by applying
Green’s identity for the velocity potential ¢ and its complex conjugate
¢ over the entire boundary of the fluid domain or

[5-sose o
S

The integration over the side walls, the bottom, and the free sur-
face will disappear when the boundary conditions are used. This
gives

[ -55] o=

I—o

ih [ axLi:dde
[T

Sp

For the second integral on the right-hand-side of (40), we use (2)-(4)
and convert the surface integral to the line integral, which gives

[[ [+ a5

Sp
>\ /-2 ) " i(i—1) ol — i ) I
_Zo(ﬁn“'m‘j)(il) C"J“'Zl bf, - v (1) G :;JJ(WV4W—WV4W)dS

+§:Z4:( )" {i(i_ v -2 ”u(’)}d(‘) =0 L 9 dw d ow
e P ! B =—x§i;(w_v2wf—v2 *W—v27+—v27)
) p Jo\ On 0 0 0
(i=0,1,2....) (37¢) (1)
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The line integral is obtained from Gauss’s theorem and is along the RP e L4 2 48
plate edge. It can be further treated by applying the edge conditions. IR]" = g2ko <= (1+ 8y0)Tuo o] (48)
For example, for the free edge, by using (8), we have and "~
L 0 ow 0 0
;x{) (w%vz —6—Wv2 —wo V2’+6—WV2’)ds, \T|L Z 1 + 3u0) Two|Cno %, (49)
c =0
_ L1 - V){) 9 (—W [aZW _ l@} _ Owow respectively.
p  Os Oson R Os On Os The total vertical force on the horizontal plate can be obtained by
Pw 10wl owow the integration of fluid pressure difference p over the surface of the
w { Dson @E} n s > =0 (42) plate Sp. Using (2), the complex vertical force can be given as
I by
For edge conditions in (7) or (9), (42) can be obtained in a similar way. vV — J J pdxd
The left-hand side of (41) is in fact the average work done to the plate 4
by the fluid over one time period or the energy absorbed by the plate, —I=by
which is zero when there is no structural damping. It is noted that this 1 b
is valid for a plate of any shape and is not limited to a rectangular one. _ ‘ J (LV*w — w?p,hw) dxdy,
Equation (40) then becomes ) ‘
%
ob 09" : 2415
= — i i\ (i
J J {Q—" E)x} xo:iood)/odzo =0. (43) =4lby | > (pehwzué) +—0 )cé)
~H—p i=1 P
The expansion of ¢ at infinity can be obtained by taking xy = * o0 in 24 Loy
(16) and keeping only the » + 1 progressing wave terms in (11), we + Z —pcho? ﬂo A d — peha’Coo |- (50)
have

Similarly, we can also obtain the moment about the transverse center-

a . cosh ko(zo + H) line of the plate, or x = 0, as
Plrpm—oo = ¢1 + ;ano e cos b +0) = Gk H

1 b
(44) My:—J Jpxdxdyl
and —1=b,
p 1 b
* I cosh ko(zo + H)
Dloyioe = ;Cno e " cos B, (o + b) T coshkeH (45) :_J J (LV*w—?p,hw)xdxdy,
Z1-h
where » > 0 and ’
P k% sinh koH cosh koH " Xﬁ,f) —ZIZprehw Z COJ+Zd0 u] +Zc s :|y]
" pwb(koH + sinh koH coshkoH) = 10, (1 4+ 6,0)
() ot 4o ot 82
o= — 5.,10g k2 sinh koH cosh koH In ’ —2Ph LZ Co] < 2]>c;2>+ (211 % 2;>C](4)] 'u](l)’
io  pwb(koH + sinhkgH cosh koH ) Toy,(l + Ono) b; by b;
with (1)

and the moment about the longitudinal centerline of the plate, or

1= ” (LV*'w — 0?phw) cos B,(y + b)e™ ™ dxdy;, (46) 1= 038

Sp 1 b

where 7 > 0 and » + 1 in the above-mentioned equations refer to the M, = J J py1dxdy,
number of the traveling wave components. a,9 and ¢,y are, respec-

tively, related to the reflection and transmission coefficients corre- b
sponding to each transverse mode of cos f3,,(y + b). Substituting (44) L by
and (45) into (43), we obtain the energy identity as = J J (LV*w—?p,hw) y1 dxdy,
2 S1b
o> o[ + a0l ) (1 +00) = 1. (47) " L i
koS =i (Ba_ 4B Bo_sh.
) =202LY | B, Cuot | 252 P+ | 2= o | dY | )
This is in fact the same as that in Linton and Evans’ for a rigid body in n=1 301 5 1 l
a channel. However, here it is re-derived for an elastic body. % 4 4
From (47), the squared magnitude of the reflection and transmis- fZIbf, pohaw? Z (Cn0+z ué')dfl‘) +Z usl‘)c(()’) ) ,ufql). (52)
sion coefficients can be defined as n=1 i=1 i=1
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The elevation of the diffracted waves can be calculated as
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io SN M i R cosﬁn,(yoer)I%"‘",) > k,, cosh k,,H sinh k,,H
-_= - i 53
p (X0, 0) < ®plz-o ;;ngbn,z:o (1+ dwo) mZ:O 2k, H + sinh 2k,,H Dt (53)
4k,
where
it (Xo—1) | __ ,2it,,1 _1]
¢ [2e 2+( )]7 ro < —
Ty — %
2 (1 _ it -1 J e —iT,,,/ X0
Dyt j = cosoy(l +x0) — e ; [(2 Yetm +e ]7 “I<xy <1 (54)
oF — 12
j mn
—it,, (xo+0) [ _ J2it, 0 1(_ 1)
e tmn et 1) +1
ety 1] .
To — %
and
9\ 2 4 2i(i — 1 245,10 . .
My = Cy {L(a +:3f1> _ wzpeh] +Z L((x;_;# B 1(1b2 )ijzﬂnl 2) i,itﬂn — o hul? Cj(z)
i=1 p P
(e 2D oy 200am”) l
+Z L\ B,y —Tﬁnuj ) —w'phy” |d, (55)
i=1
[
I1l. RESULTS AND ANALYSIS becomes more important and that the effect of the side walls becomes

Dimensionless variables are adopted for calculation and analysis
based on the following three characteristic variables and their combi-
nations: the half-width of the plate b,, the acceleration due to gravity g,
and the water density p.

A. Centrally located floating plates

We begin by considering a plate situated at the center of the
channel, or y, = 0 and the four edges of the plate are assumed as free,
or F-F-F-F. The graphs of |V| and | M, | against wave frequencies are
shown in Figs. 2(a) and 2(b), respectively, with M, = 0 due to symme-
try. Specifically, when b = b,, a series expansion method is also
employed to solve the problem,” and the results are displayed in Fig. 2
for verification. The figure shows that the boundary integral scheme
and the alternative method produce virtually identical results, demon-
strating the validity of both schemes. In addition, results of other val-
ues of b, namely, b = 2.0 and 3.0, obtained from the boundary integral
scheme, are also provided in Fig. 2. In addition, to evaluate the conver-
gence of the truncated infinite series in practical computations, we uti-
lize three different sets of truncation numbers (N, J), specifically (50,
20), (50, 30), and (60, 20), for 24 discrete wave frequencies in the case
of b = 3. The obtained results hardly show any visible difference, par-
ticularly in regions where the curve does not exhibit abrupt variations,
as depicted in Fig. 2(a). We may observe that the curves of |V| and
| M, | are very close to each other for different b at relatively small wave
frequencies. This is because when the frequency is low, the wave force
is predominantly due to incident waves. The incident wave is two
dimensional, and its force is, therefore, not affected by b. As the wave
frequency increases, these curves corresponding to different b start to
diverge from one another, illustrating that the wave diffraction

more evident. Transversely, a larger value of b indicates a wider free
surface area between the plate edge and the side wall. It is worth noting
that within the same frequency range, the curves tend to be more oscil-
latory with the increase in b. From (10), it can be seen that when
Ton = 0, or ko= f8,, = nm/2b, the Green function is infinite, which in fact
corresponds to the natural frequencies of the channel. When b is larger, the
two successive natural frequencies at n and n + 1 are closer to each other,
leading to more oscillations in the curves. For the case of b = 3, as it is a
symmetric case, the frequencies corresponding to ko = nm/6 (even
n=2,4,6,..)areatw, = \/(gnn/6)tanh(nnH /6), where rapid vari-
ation may occur, as can be seen from the figure. We can find that the varia-
tions at some w),, are less evident than those at other ones, for instance, at
Wg, W14, Wy, W2, Wog, etc. In fact, we may refer to the work of Wy,
which investigated wave radiation and diffraction by a sphere in a channel.
The exciting force displayed in Fig. 3(b) shows mild variation at e,, while
variations of radiation force or the added mass and damping coefficients,
respectively, in Figs. 1(c) and 2(c) are much more noticeable. Here, the force
includes both the excitation force and the radiation force. It is worth noting
that the radiation force becomes significant only when motion is significant.
In this context, the variation of V may be evident at ®,, only when the
deflection of the plate w is not small. Furthermore, it should be noted that
there are other causes for oscillation, which are discussed later. Moreover,
the [M,| curve for b =3 in Fig. 2(b) demonstrates a more oscillatory
behavior compared with that for b =2, similar to the |V| curves.
However, these oscillations are accompanied by a significantly reduced
amplitude.

We then consider the case of b = 3.0 with different /, specifically
I =15 and 2.0. We show the |V| and |M,| curves in Figs. 3(a) and
3(b), respectively. It is expected that the oscillation at ko= f3,, = nm/2b
mentioned above occurs at the same place for different 1.
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FIG. 2. Modulus of (a) the total vertical force and (b) the moment about x = 0 on a
centrally located plate with free edge conditions (F-F-F-F). In (a), the vertical
dashed lines indicate w, (n =2, 4, 6,...) for b = 3. Here, [ =1, b, = 1,H = 4,
peh=1x10"% L =0.1.

In fact, the oscillation of the curves in Fig. 3 is due to a combined
effect of both b and 1. Based on the approximate 2D analysis,”””' there
would be another oscillation related to I in the form of 2!, where 1,
represents the real solution of the dispersion relationship correspond-
ing to the elastic plate surface. The period of the oscillation will be
around o/ = 7, which means that if one of the positions is identified,
then others can be located. To better illustrate such oscillations, we fix
the wave frequency @ corresponding to ko = 7/2 and change [ and
plot the curves of reflection coefficients and wave loads against [ in
Fig. 4. As can be seen, one of the oscillation components has a period
of 2. Furthermore, according to the 2D results, there are certain dis-
crete frequencies at which the reflection coefficients can reach zero, as
illustrated by Meylan and Squire.”” However, it is worth noting that
this may not be always valid in the three-dimensional scenario when
b > bp, as can be observed in Fig. 4(b).

We next investigate how the flexural rigidity affects the force
curves by keeping all other parameters fixed but varying L. Figure 5
shows the curves of |V| and |M,| as L increases from 0.0001 to 20.
Notably, by comparing the results of L = 10 and L = 20, it is evident
that a further increase in L will not significantly change the curve any-
more. It is expected that when L approaches infinity, the results will
tend to those corresponding to a rigid plate. In fact, at L = +o0, only
linear terms in w need to be retained and the dynamic equation of the
plate can be converted to those associated with the heave, pitch, and
roll motions of a rigid body.

ARTICLE pubs.aip.org/aip/pof
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[=i=tT—i=15—I=2 N

0.01
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0.006 [
=

M,

0.004 |

0.002 |

(c)

FIG. 3. Modulus of (a) vertical force, (b) moment about x = 0, and (c) squared
magnitude of the reflection coefficients on a central-located plate with free edge
conditions  (F-F-F-F), for /=15 and 2.0. Here, b, =1, b=3,H =4, p,h
=1x107°,L=0.1.

B. Effects of different edge conditions

The solution procedure presented in Sec. II can be readily
adapted to other types of edge conditions. This can be accomplished,
for instance, by modifying the linear equations in Eq. (37) to accom-
modate the relevant edge conditions. For clamped edges located at
y1 = *by, the zero-deflection and zero-slope conditions yield

S o 4 4 o
SN G+ YD (=)W + 3 (71 =0
n=0 n=0 i=1 Py

from w| =0, (562)

y1=%b,

4
Zz’ x (¥1)7" x c](’) =0 from wy[, - =0 (j=0,1,2,..)

(56b)
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FIG. 4. Modulus of (a) vertical force and moment about x = 0 and (b) squared
magnitude of the reflection coefficients on a central-located plate with free edge
conditions (F-F-F-F) against | at g =m/2. Here, b, =1,b=3H=4,
peh=1x10"° L =01

while for simply supported edges at y; = *b, (56a) and (37c) can be
used to impose the zero-deflection and zero-bending moment condi-
tions, respectively. Moreover, the elastically supported edge conditions

can also be considered by using (37d) for zero-Kirchhoff shear force
condition, and

2 2
. g_g_] ~ ]2 67
o x ylzihl, ol )’l:IbP
or
= [-2 2 n . l(l - 1) 2| (=10
— L —Z<ﬂn+l/dj>(il) an+2 b2 —1/0(]. (+]) C;
n=0 i=1 P

+

NgE

! w |ii— v (i=2) 32 ()] 40)
Sy [0 5o

i=1

1l
o

4 . B
=K ix (7)) xd) (j=0,1,2,..), (57b)
i=1

showing that shear force linked to rotation at the edge could be coun-
tered by spiral springs with distributed stiffness K.

To further investigate the effects of various edge conditions, we
maintain the free edge conditions at the edges of x = *I, while intro-
ducing various edge types at y; = * by, specifically with the following
combinations: free-free (F-F), clamped-clamped (C-C), clamped-free
(C-F), clamped-simply supported (C-SS), simply supported-simply
supported (SS-SS), and simply supported-free (SS-F). The results of

ARTICLE pubs.aip.org/aip/pof
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FIG. 5. Modulus of (a) vertical force and (b) moment about x = 0 on a central-
located plate with free edge conditions (F-F-F-F) of different L. Here,
I=1,b,=1,b=2H=4, ph=1x10"2

the squared magnitude of reflection and transmission coefficients for
b, = b are presented in Fig. 6. To provide some comparison, the
results for the corresponding 2D case are provided. For a rigid plate
with bp = b in the channel, the result will be the same as the 2D one.
For an elastic plate, the problem is strictly 3D, because of the edge con-
ditions. In fact, the figure shows that the patterns of curves are very dif-
ferent from that of the 2D one. One exception is the F-F edge case,
whose result is much closer to the 2D one, especially at lower
frequencies.

Figure 7 displays the plots of |V| and |M,| as @ varies, for three
edge types, namely, C-C, SS-SS, and C-SS, at y; = *b,. From the fig-
ure, it is observed that the forces and moments associated with these
three cases exhibit considerably larger magnitudes compared to those
of the F-F case (the corresponding values are marked in Fig. 7, scaled
up by a factor of 1000). This is because these edges effectively led to a
stiffer structural response, while the free edges in the F-F case allow for
greater flexibility of motion. Take the C-C case for instance, when both
edges of the plate parallel to the channel walls are clamped, the defor-
mations and slopes at these edges are constrained to zero. This restricts
its ability to bend and deform under the applied loads, and as a result,
the forces and moments experienced by the plate tend to be notably
higher. In contrast, in the F-F case where both edges are free to move,
the plate can move and deform more freely in response to the applied
loads. This results in much smaller forces and moments compared to
the C-C scenario.

We extend our investigation to cases with b > b, through a case
of b = 2.0. The edges at x = =] remain to be free, while the edges at
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FIG. 6. |RI® against e under different edge types at y; = *by: (a) F-F and C-C;
(b) SS-SS and C-SS. Here, | =2, b, =b=1,H =4, p,h =1 x10" S L=01.
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FIG. 7. The curves of (a) |V| and (b) |My| with varying o under different edge
types along the channel banks. Here, /=2, b,=b=1,H=4, p.h =1
x1073,L = 0.1.
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y1 = *b,, are clamped. The curves of |R|2 and |T|2, |V| and |M, | are
displayed in Figs. 8(a) and 8(b), respectively. The figures show that the
results in this case are much more oscﬂlatory than those at b, = b. It
can be observed that at the peaks of |T| the vertical force |V is also
at a peak.

C. Off-center floating plates

In this section, we investigate cases involving an off-center float-
ing plate, with |y¢| > 0. We analyze how the fluid loads acting on the
plate change as |y| increases, at several discrete wave frequencies.
Specifically, we set the parameters as [ =2, b =2, H =4, with ©
ranging from 0.5 to 2.0 with an interval of 0.5. The results for two edge
cases, namely, F-F and C-C, are presented in Fig. 9.

For F-F cases, as can be observed in Figs. 9(a), 9(c), and 9(e), the
curves of | V], |M,|, and | M,| are very close to each other for different
¥ at relatively small wave frequencies. This indicates that the force is
predominantly independent of the horizontal position of the plate
when the incident wave has a relatively longer wavelength, implying
that the wave diffraction is negligible and the force is mainly due to the
incident wave. However, as the wave frequency increases, these curves
corresponding to different offset values start to diverge from one
another, illustrating that the wave diffraction becomes more important
and that the effect of the side walls becomes more evident. In contrast,
in C-C cases, notable distinctions become apparent when compared to
F-F cases. As shown in Figs. 9(b), 9(d), and 9(f), we observe substantial
curve variations with y,, even at relatively small wave frequencies such

T T T T T T
1 | —IR? == |T] - R} + TP |
T NA H it “
S \ L " s VA
AN i n”- li 7\
N A Y Y i
Y HA S RN b’ VRN
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e ¥
'/
O 1 1
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w
(b)
FIG. 8. Variations of (a) |RI? and |T|? and (

(b) |V| and |My£ against o under
clamped edge types at yy = =*h,. Here, I=2,b=2H=4, ph=1
x1073,L = 0.1
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FIG. 9. Modulus of fluid loads under different e at varying |yc|: (a) |V| for F-F; (b) |V| for C-C; (c) |My{ for F-F; (d) |My| for C-C; (e) |My| for F-F; (f) |My| for C-C. Here,
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as @ = 0.5 and 1.0. This variation arises due to the increased promi-
nence of wave diffraction induced by the plate with clamped edges
along its longitudinal sides.

D. Wave profiles and plate deformation

Following the previous analysis, this section delves into the defor-
mations of the plate and the diffracted wave profile, as determined
from Egs. (25) and (53). We have noted from the finding in Fig. 8 that
for C-C edges at y = = b,, the peak of | V| aligns with the peak of T
at specific discrete frequencies. The modulus of the plate deformation
and the surrounding diffracted free surface profile are, respectively,
displayed in Figs. 10(a) and 10(b) at w = 2.0 and w = 2.5. For com-
parison, the graphs for F-F edges are also provided in Figs. 10(c) and
10(d). The color bar limits for these four graphs have been set to a con-
sistent range of 0—4 for convenience in comparing these wave profiles.

From Fig. 10, we can observe from these graphs that in both C-C
and F-F cases, the increase in the wave frequency results in more com-
plex wave profiles, indicating an increased influence of the diffraction
effects. At the same wave frequency, the diffraction wave profiles in

A
o, »

(c)
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C-C cases are generally larger than those in F-F cases. Specifically, in
the C-C case, we observe that the wave profiles on the upstream side
(x < —I) remain relatively low at both the examined frequencies, con-
sistent with the locations of the troughs in |R|2 at these discrete fre-
quencies. At w = 2.0, significant wave elevations persist in the region
between the two longitudinal edges of the plate and the channel walls.
In contrast, for w = 2.5, large wave elevations are observed predomi-
nantly on the downstream side (x > I).

IV. CONCLUSIONS

The interaction of a surface wave and a finite elastic rectangular
plate floating at any position in a channel has been investigated. An
analytical solution scheme using the Green function method has been
developed, which is based on the linear velocity potential flow theory
for the fluid flow and the Kirchhoff-Love plate theory for the plate.
This approach can be used efficiently for a plate of any edge con-
straints, and both centrally located and off-center positions. We can
draw the following key conclusions through extensive investigations
into the response of plate and the associated wave phenomena:

[npl,|w|

(d)

FIG. 10. Modulus of the plate deflection and the diffracted wave profile under C-C and F-F edges at y = =h,: (a) @ = 2.0 under C-C edge; (b) » = 2.5 under C-C edge; (c)
@ = 2.0 under F-F edge; and (d) & = 2.5 under F-F edge. Here, | =2, b, =1, b =2,y =0,H =4, p;h =1 x 1073,L = 0.1.
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(1) The highly oscillatory feature of force curves is due to a variety
of factors, including the natural frequency effect of the tank
related to its width and successive reflections from the edges of
the plate related to the length. At some natural frequencies, the
oscillation amplitudes are smaller than those at other natural
frequencies, due to a smaller motion of the plate or, therefore,
smaller radiation force.

(2) Different edge conditions reveal significant variations in the
forces on the plate, as they include the radiation force, which is
very much influenced by the structural response.

(3) The variation of the force with the transverse position of the
plate is more notable when its two longitudinal edges are
clamped (C-C), compared with the force of F-F edges. This is
partly because in the case of F-F edges, the plate can more freely
follow the wave, resulting a less disturbance to the wave, while
the force due to the incident wave is independent of the trans-
verse position of the plate.

This research can also provide valuable insights into the practical
implementation of floating photovoltaic systems’ and the develop-
ment of flexible wave energy conservation devices™ that can be effec-
tively utilized in both natural rivers and confined water bodies.
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